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Abstract - In order to evaluate the most suitable 
method of analysis ( A - @  or T-C1 method) and finite 
element (nodal or edge element) for a given problem, 
features of each method and element have been 
investigated. The accuracy, the computer storage and 
the CPU time of each method and element are compared 
with each other for the 3-D non-linear magnetostatic 
model (TEAM Workshop Problem 13) and the 3-D eddy 
current model (IEEJ model). The flux and eddy current 
densities calculated are compared with those measured. 
It is shown that the accuracy and the CPU time of 
the edge element are better than those of the nodal 
element. The A method is better than Q method for 
non-linear problems from the viewpoint of convergence 
characteristics of non-linear iterations. 
1. INTRODUCTION 
Various methods such as the A - @  and T-Q 
methods[l-31, and various types of elements such as 
nodal and edge elements[3] have been used for 3-D 
magnetic field analysis. In order to decide the most 
suitable method of analysis and element for a given 
problem, the advantages and disadvantages of respective 
methods should be examined. 
Although we already compared the accuracy, the 
computer storage and the CPU time for various methods 
of analysis and various types of elements[l-3], only 
linear eddy current problems were investigated, and 
various methods of analysis and various types of 
elements are not examined in detail. Therefore, we did 
not have enough information to decide favorable method 
and element for  non-linear analysis. It is also not 
clear, even in a linear case, what kinds of method 
and element should be combined for a given problem. 
In this paper, features of various methods ( A - @  
and T-Q)  and elements (1st-order brick nodal and 
edge) have been investigated systematically by 
analyzing the 3-D non-linear magnetostatic model[4] 
and the linear eddy current model[5]. Convergence 
characteristics of the Newton-Raphson iterations for 
various methods of analysis are also examined. 
Experiments are carried out to verify the accuracy. 
2. ANALYSIS OF NON-LINEAR MAGNETIC FIELD (PROBLEM 13) 
2.1 Description of Model 
Figure 1 shows a 3-D non-linear magnetostatic 
model. Requirements in selecting such a .model are 
described in the reference[4]. The coil is excited by 
dc currents. The ampere turns are lOOOAT and 3000AT 
(which is sufficient to saturate the steel parts). 
2.2 Numerical Analysis 
The A and Q methods using the 1st-order nodal 
and edge brick elements are used in the analysis. No 
gauge condition is imposed in all methods. 
(1 )  Non-linear analysis 
The modified Newton-Raphson method is used i n  non- 
linear analysis. In this method, the approximate 
potential { ~ ) ( ~ + l )  obtained at the (kt1)-t.h 
iteration is given by the following equation: 
{Su} I h 1  ( 1 )  { l k * I l =  r k I  + a  . 
where {Su) are increments of the potentials, and a is 
a relaxation factor. In order to reduce the CPU time 
for solving linear equations, the convergence criterion 
E I  of the ICCG method can be chosen to be relatively 
large at earlier iterations[4]. E I  is chosen to 0.1 
during the iterations at 6Bm>O.lT( 6Bm : the maximum 
absolute value of the increment of flux density), and 
10-5 at 6Bm<O.lT. The Newton-Raphson iteration is 
stopped when all the increments become less than 0.01T. 
(2) Periodic boundary condition 
Figure 2 shows the flux density vectors and the 
center plate (steel) 
I f /coil (dc 1.000 and 3000AT) channel (steel) 
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Fig. 1 3-D non-linear magnetostatic model. 
Z 
X 
(a) front view 
Y 
X 
(b) plan view 
Fig. 2 Flux and potential distributions 
satisfying periodic condition. 
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magnetic vector potentials at the corresponding points 
P and Q on the periodic boundaries 0-p' and 0-q'. The 
flux densities BP and BQ at the points P and Q 
satisfy the following equations: 
R p x = - B ~ r  (Z), B p y = - B o u  ( 3 ) -  BP,=BUZ ( 4 )  
If such a periodic boundary condit,ion[6] is applied, 
the region to be analyzed can be reduced to 1 / 4  of the 
whole region. As the relationship between the magnetic 
vector potentials AP and AQ at the points P and Q 
is the same as that between BP and WQ as shown in 
Fig.2, the periodic boundary condition of A for the 
nodal element is represented by the following 
equations: 
A p x = - A a &  ( 5 1 ,  Apy=-AoU (61 ,  A ~ r = A u r  ( 7 )  
As Eq.(5) corresponding to the x-component, of A ,  
which is normal to the boundary, cannot be taken into 
account by the edge element on the periodic boundaries 
0-p' and 0-q' (y-z plane) shown in Fig.2, only Eqs.(6) 
and (7) are introduced when the edge element is used. 
The periodic boundary condition of Cl is also 
obtained as follows: 
QP=S20 (8) ' 
The analyzed region is subdivided into 1st-order 
brick elements. Figure 3 shows the mesh of the channel, 
the center plate and the coil. In order to subdivide 
f channel 
Y 
X 
Fig. 3 Mesh of channel, center plate and coil. 
the coil using only brick elements, the shape of the 
coil is modified so that the corner of the coil forms 
90" edge as shown in Fig.3. The error due to the 
change of the shape is negligibly sma11[3]. 
2.3 Experiments 
The channels and the center plate were annealed 
and demagnetized before the experiments. The average 
flux densities in the channels and the center plate are 
measured using one turn search coils as shown in Fig.4. 
The three components of flux densities in the air are 
measured using a 3-D Hall probe (F.W.BELL C o . ,  
type:ZOB1-3208). Its accuracy is within 1% and the 
active area is g51.52mm. In order to guarantee t,he 
reproducibility of the measurement, a 3-D manipulator 
7 
Fig. 4 Specified positions for comparing 
flux densities. 
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which can control the position of the probe within 
O.lmm[7] is used. 
2 . 4  Comparison and Discussion 
Figure 5 shows the variations of the x-component 
Bsx of the flux density at the point S (near the edge 
of the channel) with the iteration number k. The point 
S is chosen, because the calculation error may occur at 
this point due to the quick change of flux density. 
Although the flux densities obtained by the A method 
using nodal and edge elements are converged smoothly, 
those by the L2 method become strongly oscillatory when 
n=l in Eq.(l). The convergence characteristics of the 
Q method can be improved by introducing the relaxation 
factor of a=0.5 as shown in Fig.5(b). For simplicity, 
a for  all unknown potentials are chosen as the same 
values. In the above-mentioned investigation, the 
convergence criterion ,E I of the ICCG method is chosen 
Figure 6 shows the comparison of flux 
distributions using various methods. Figure (a) shows 
the average flux densities in the steel plates. 
Although there is  a large discrepancy between the 
results calculated using the nodal element and results 
measured at 1000AT, the results calculated using the 
edge element is almost the same as the results 
measured. At. 3000AT, however, the discrepancies between 
calculations using both types of elements and 
experiments are small due to the saturation of the 
steel. Figure (b) shows the absolute value IB I  of flux 
density along the line a-b (y=20mm, z=55mm) in the air. 
The discrepancy of the flux density in the air is 
smaller than that in the steel plates. 
The computer storage, the CPU time, etc. are shown 
t.0 10-5 .  
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Fig. 5 Convergence characteristics of Newton-Raphson method 
Table 1 Discretization data and CPU time ( Problem 13 ) 
( E = 10-5 ). 
computer used : NEC supercomputer SX-IE 
( n ) ; number of iterations until ISBlm becomes less than 0.1T. 
(maximum speed : 285MFLOPS) 
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Fig. 6 Comparison of flux distributions. 
in Table 1. Although the number of iterations of the 
Newton-Raphson method for the 52 method is greater than 
that for the A method, the CPU time for th? 52 method 
is much smaller than that for the A method. Although 
the number of unknown variables for  the A method with 
nodal element is almost the same as that for the A 
method with edge element, the computer storage and the 
CPU time for the edge element is about 1/2 and 1/10 
respectively, compared with those for the nodal 
element. This is. because the number of non-zero 
entries of the coefficient matrix for the edge element 
is much less than that for the nodal element. 
3. ANALYSIS OF MAGNETIC FIELD WITH EDDY CURRENT 
(IEEJ MODEL) 
3.1 Description of Model 
Figure 7 shows a model proposed by the I E E  of 
Japan. The features of the model are described in the 
reference[5]. A rectangular ferrite core is surrounded 
by an exciting coil. An ac current, of which the 
effective value is lOOOAT (frequency: 50Hz) is applied. 
Two aluminum plates are set. on the upper and lower 
sides of the core. The conductivity of the aluminum is 
equal to 3.215x107S/m, and the relative permeability 
( U = )  of t,he core is assumed to be 3000. Both cases 
with and without hole in the plates are investigated. 
3.2 Numerical Analysis 
The A-@ and %-il methods with nodal and edge 
elements are applied. The electric scalar potential @ 
is set at zero in the A-@ method with edge element. 
I n  the 7-L2 method, the conductivity of the hole is 
assumed to lS/m[8]. 1/8 region is analyzed. 
3.3 Experiments 
There exists induction of noise in magnetic field 
at the junction between the Hall sensor and lead wires, 
because the sufficient twisting of conductors is 
difficult. Therefore, the flux density is measured 
using a small search coil with 20 turns (mean 
diameter: 3mm, height: 0.6mm, conductor diameter: 
0.06mm). 
The eddy current density on the surface of the 
aluminum plate is measured using the modified probe 
method[9], and the total eddy current is measured by a 
Rogowski coil. 
3.4 Comparison and Discussion 
Figure 8 shows the maximum absolute value IBI of - 
the flux density along the line at z=57.5mm. Figure 9 
femte core 
( P  r=3W) A 
coil 
(1OOOAT I 
(a) front view 
X 
(b) plan view 
Fig.7 Analyzed model (with hole). 
0 50 100 150 
z X(") 
Fig.8 Spatial distributions of flux density 
(2=57 5"). 
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investigated by analyzing the 3-D non-linear 
magnetostatic model and the eddy current model. The 
results obtained can be summarized as follows: 
(1) In the case of the non-linear magnetostatic model 
(Problem 13), the most accurate results are 
obtained using the A method with edge element. 
(2) In the non-linear analysis, the convergence of the 
Newton-Raphson iterations for the L2 method is 
not as fast. as that, for the A method. It can be 
improved by introducing the relaxation factor. 
(3) Although the CPU time for the T-R method using 
nodal element is rapidly increased when there 
exists a hole (IEEJ model), the rate of increase 
of the CPU time is not so remarkable if the edge 
element is used. 
(4) The accuracy and the CPU time for the edge element 
are better than those for the nodal element. From 
the viewpoint of the CPU time, the T-R method is 
favorable, and from the viewpoint, of the accuracy, 
the A-@ method is favorable. 
It is necessary to examine the above-mentioned 
features of various methods of analysis and finite 
elements by applying them to systematically conceived 
models in order to obtain universal descriptions of the 
features. The systematic investigation will be reported 
in another paper. 
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Fig9 Spatial distribution of eddy current density 
(z=65m).  
Table 2 Comparison of eddy current (with hole) 
nodal edge nodal edge 
319 318 318 
amplitude of eddy 
current 11.4 (A) 
e*orE (%) 1.28 1.92 1.60 1.60 - 
shows the x-component IJexl of the effective value of 
the eddy current density on the surface (z=65mm) of the 
aluminum plate. The results calculated usirg various 
methods and elements and results measured are almost 
the same. Table 2 shows the comparison of calculated 
and measured values of total eddy current Ie passing 
through at the cross section a-b-c-d-a in Fig.7. The 
error E is defined by 
1306 513 172 192 1264 582 1141 327 
6242 947 533 290 5870 1069 2001 442 
l e  (cal)-Ie (mea) 
Ie (mea) (9) 
where Ie(ca1) is the current calculated and Ie(mea) is 
the current measured. 
The computer storage, the CPU time, etc. are shown 
in Table 3. The CPU time for the T - C J  method in the 
analysis of the model without hole is extremely 
decreased compared with the A-@ method. The CPU times 
for the A-# and T-L2 methods with edge element are 
about 1/6 and 1/2 of those with nodal element. Although 
the CPU time for the T - C 2  method in the analysis of 
the model with hole is rapidly increased compared with 
that without hole in the case of nodal element, it is 
not so remarkable in the case of edge element. From t,he 
viewpoint of the CPU time, the T-Q method with edge 
element is favorable. 
Table 3 Discretization data and CPU time 
Computer used : NEC supercomputer SX-IE 
-7 
convergence criterion of ICCG method : 10 
(maximum speed : 285 MFLOPS) 
4. CONCLUSIONS 
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